Lecture 8 Linear independence

De{l Consider vectors 71)71]'“,7“ G\P\m

M) A linear combination O\C v’.,v;,---,v; S o vector O\C the %or\n/\

CVi4 CoVat - +CoVn With €, Coy i ChelR

sum of mulfiples

(2) The span of Vi, Vo, Vi is the set of all linear combinations

- > —
O\C Viy Vo )y 777y Vn o

eq. .
8 V/—’ Span IV is o line
VZ_,W@ SPQMV,W\ S a p\a\ne

() Vectors Vi, Vs, Va €R are hnear‘g independent it we hove

-

CVi+ CoVat+CaVn 5 0 wnless Ci,Coy1Co are all zero.

Prop Vectors Vi, Vo, Vi elR" are not hnear‘g mc!epew&evﬁ

& One of them is o linear combination of 4he others

P\C IWC 71 S a \'mear combination o{ 71]"',7m we hove

V= C171+--~+Cn7n Wﬁor some Co, ", Ch€IR .
=) - V4 CVat - +CVn =0

= V., V2, Vn are not \mear\g independent

Cowverse\g) i VL, Vo,V are not \'\near\g independent , we con

similorly arque fo express one of them as a linear combination

of +the others .



Note (1) Two vectors are hnear‘g independent

& Neither of them is a multiple of the ofher

7/ . V oand W oare not linearly independent
/ Span iV, Wh is o line

= V oond W oare linearly independent
LW SPQ\MV)W\ 1S a P\Qwe

(2) Ivﬁu’lﬁve\g‘ linear independence means that each vector odds

o new dimension.

I W e Span iV W
VZ —_ S =
£ — U,V, W are not \‘mear\g 'm&epewdewr
d — — =
T7 % & Span 1V, W
ZL;_’ - —
L/W = U Vi Woare \‘mear\g mclepemdevﬁ

Thm  Vectors W, Vo,V € IR are ‘Tnear\g independent

& RREF(A) has a leading 1 in every column

where A is the matrix with columns Vi, V5, Vi

pt Vi, Vo, Vn are hnear\g independent

ES X VAX Vot + XV 50 unless X, %X are ol zero.
& AX%T for X*T

& AX =T has o un'\%ue solution X =T

& RREF(A) has o \eaclmg 1 in every column (no free variables |



\é& For each part, determine whether the given vectors are linearly

independent,

2 -3
(\) G\: -I ) G?_: 0
o |

Sl Consider the watrix A with columns T, U

2 -3 () o
A{—l o} = RREF(A){O @]
O | O O

= RREF(A) has o ‘eac\mg 1 in every column

= W oand W are lhnear‘g méepen&emf.

Note We can qet the same answer by o\oservmg thot neither vector

is o wmultiple of the other

3 4 [ ]
- O — -2 - = 4‘
(2) V. = 5 | Vq = | ) Vs 4_
L.-I.J L.OJ L_.BJ
Sol  Consider the matrix A with columns Vi, Vs Vs .
EXSE —® 0 3|
_|1 02 4| _|lo@®=2
A 21 4 = RREF(A) 60 0
-l O 3 LD O O

= RREF(A) has no \ea&mg s in column 3

= Vi, Vo,V are |not \Inear\g independent




=3 T possible  express the vector
[ 1]
4
-8
|

S

—_
W =

as a linear combinofion of the vectors

2 O |
-3 2 o)

- _ - _ - _
Vl - | ) \/7_ _4_ ) V3 2
| -l o)

Sol Toke A to be the moatrix with columns Vi, Vo V.

—_—

We wont W = X\VT+XLV7_+XSVB

= We solve W =AY

(20 1 ] —®oo 2 |

32 0 4| RREF | O (DO |
| -4 2 -8 o o) -3

|1 1o 1 | 000 O]
A w

= Xi=2, %=1, X3=-3

:> W = 2v>l +77_—573

Note (1) Such o linear combination does not exist if +he e%uaﬁom
AY =W hos no solutions.

(2) QOur computation further shows that Vi, Vo, Vs Gre \inear\g

independent.



Ex Consider the vectors

(1) Does W lie in fhe span of W ond ¥V ?

-

Sel Take A fo be the motrix with columns ™, V.

—_

—

W lies in the spon of W and V
& W=xXu+XV for some xi1x,€R.

& W=AX has a solution.

2 1 1 Mo 2
32 o LoD 3
O -l 3 00 ©

The linear system has o solution .

= W | lies n the span of W and V|

N -

2 Are W, V, W \‘mear\g mclepemdevﬁr?

Sol By (1, W is a linear combination of W and ¥

= W,V, W are |not \Inear\g independent

Note Alternatively, since we considered the mafrix with columns

U, V, W in (1)) we can look of its RREF to get the same

)

answer.



